Abstract. The main object of this paper is to investigate λ-statistically quasiCauchy sequences. A real valued function f defined on a subset E of R, the set of real numbers, is called λ-statistically ward continuous on E if it preserves λ-statistically quasi-Cauchy sequences of points in E. It turns out that uniform continuity coincides with λ-statistically ward continuity on λ-statistically ward compact subsets.
Introduction
A function f : R −→ R is continuous if and only if it preserves Cauchy sequences.
Using the idea of continuity of a real function in terms of sequences, many kinds of continuities were introduced and investigated, not all but some of them we recall in the following: slowly oscillating continuity ([1] ), quasi-slowly oscillating continuity ([2] ), ward continuity ([3] ), δ-ward continuity ([4] ), statistical ward continuity, ( [5] ), and N θ -ward continuity ([6] ) which enabled some authors to obtain some characterizations of uniform continuity in terms of sequences in the sense that a function preserves either quasi-Cauchy sequences or slowly oscillating sequences ( [7] , and [8] ). In [9] , the concept of statistical convergence was generalized to λ-statistically convergence.
In this paper, we investigate the concept of λ-statistically ward continuity, and examine its properties.
Preliminaries
Boldface letters α, x, y, z, ... will be used for sequences α = (α n ), x = (x n ), y = (y n ), z = (z n ), ... of points in R for the sake of abbreviation. s and c will denote the set of all sequences, and the set of convergent sequences of points in R.
A sequence (α n ) of points in R is quasi-Cauchy if (∆α n ) is a null sequence, where ∆α n = α n+1 − α n . These sequences were named as quasi-Cauchy by Burton and Coleman [8, page 328], while they were called as forward convergent to 0 sequences in [3, page 226] . Quasi-Cauchy sequences arise in diverse situations, and it is often difficult to determine whether or not they converge, and if so, to which limit. It is easy to construct a zero-one sequence such that the quasi-Cauchy average sequence does not converge. The usual constructions have a somewhat artificial feeling. Nevertheless, there are sequences which seem natural, have the quasi-Cauchy property, and do not converge. On the other hand, the sequence of averages of 0 s and 1 s is always a quasi-Cauchy sequence: let x := (x n ) be a sequence such that for each nonnegative integer n, x n is either 0 or 1. For each positive integer n set a n = x1+x2+...+xn n . Then a n is the arithmetic mean average of the sequence up to time or position n. Clearly for each n, 0 ≤ a n ≤ 1, and |a n+1 − a n | ≤ 1 n . Thus (a n ) is a quasi-Cauchy sequence. The concept of statistical convergence is a generalization of the usual notion of convergence that, for real-valued sequences, parallels the usual theory of convergence (see [10] ).
Let λ = (λ n ) be a non-decreasing sequence of positive numbers tending to ∞ such that λ n+1 ≤ λ n + 1, λ 1 = 1. The generalized de la Valee-Pousin mean of a sequence α = (α k ) is defined by
and a sequence α = (α k ) of points in R is called to be λ-statistically convergent to
for every positive real number ε ( [9] ). This is denoted by S λ − limα k = α 0 . If we write λ n = n for all n ∈ N, then we get statistical convergence. Throughout this paper, S, S λ will denote the set of statistically convergent and λ-statistically convergent sequences of points in R, respectively.
λ-statistically ward continuity
Connor and Grosse-Erdman ( [12] ) gave sequential definitions of continuity for real functions calling G-continuity instead of A-continuity and their results covers the earlier works related to A-continuity where a method of sequential convergence, or briefly a method, is a linear function G defined on a linear subspace of s, denoted
In particular, lim denotes the limit function lim x = lim n x n on the linear space c, st− lim denotes the statistical limit function st− lim x = st− lim n x n on the linear space S, S θ − lim denotes the lacunary statistical limit function S θ − lim x = S θ − lim n x n on the linear space S θ , V λ − lim denotes the V λ -statistical limit
on the linear space [V, λ], and S λ − lim denotes the S λ -statistical limit function A subset E of R is called G-sequentially compact if any sequence x of points in E has a G-sequentially convergent subsequence z = (
A subset E of R is λ-statistically sequentially compact if any sequence x of points in E has a λ-statistically convergent subsequence whose λ-statistical limit is in E. We see that this is a special case of G-sequential compactness where
not only with ordinary (sequential) compactness, but also statistically sequentially compactness, and lacunary statistically sequentially compactness. A function f is called G-continuous at a point u provided that whenever a sequence x = (x n ) of terms in the domain of f is G-convergent to u, then the sequence
is G-convergent to f (u). Writing G = S λ , we get S λ -sequential continuity or λ-statistically sequential continuity, explicitly we say that a real valued function f defined on a subset E of R is called λ-statistically sequentially continuous at a point α 0 if it preserves λ-statistically convergent sequences, i.e. (f (α k )) is a λ-
λ-statistically sequentially continuity of a real valued function defined on a subset of R coincides with not only ordinary (sequential) continuity, but also each one of the continuities, statistically sequentially continuity, and lacunary statistically sequentially continuity.
A sequence (α k ) of points in R is called to be λ-statistically quasi-Cauchy if person selects independently and at random one of three subgroups to which to belong, resulting in three groups with random numbers n 1 , n 2 , n 3 of members; We note that this definition of continuity cannot be obtained by any A-continuity, i.e., by any summability matrix A, even by the summability matrix A = (a nk ) defined by a nk = 1 λ n f or k = n + 1, and a nk = − 1 λ n f or k = n.
However, for this special summability matrix A, if A-continuity of f at the point 0 implies λ-statistically ward continuity of f , then f (0) = 0; and if λ-statistically ward continuity of f implies A-continuity of f at the point 0, then f (0) = 0.
Sum of two λ-statistically ward continuous functions is λ-statistically ward continuous, but product of λ-statistically ward continuous functions need not be λ-statistically ward continuous.
We give the following theorem the proof of which also can be obtained by considering [15, Theorem 9].
Theorem 1. If a real valued function is λ-statistically ward continuous on a subset
E of R, then it is λ-statistically sequentially continuous on E.
Proof. Suppose that f is a λ-statistically ward continuous function on a subset E of R. Let (x n ) be a λ-statistically quasi-Cauchy sequence of points in E. Then the
is a λ-statistically quasi-Cauchy sequence. Since f is λ-statistically ward continuous, the sequence
is a λ-statistically quasi-Cauchy sequence. Therefore S λ − lim n→∞ ∆y n = 0. Hence
It follows that the sequence (f (x n )) is λ-statistically summable to f (x 0 ). This completes the proof of the theorem.
Corollary 1. If a real valued function is λ-statistically ward continuous on a subset
E of R, then it is continuous on E.
Proof. The proof follows immediately from the preceding theorem so is omitted. Now we prove the following theorem.
Theorem 2. If a real valued function f is uniformly continuous on a subset E of
Proof. Let f be uniformly continuous on E. Take any quasi-Cauchy sequence (x n ) of points in E. Let ε be any positive real number. Since f is uniformly continuous, there exists a δ > 0 such that |f (x) − f (y)| < ε whenever |x − y| < δ. As (x n ) is a quasi-Cauchy sequence, for this δ there exists an n 0 ∈ N such that |x n+1 − x n | < δ for n ≥ n 0 . Therefore |f (x n+1 ) − f (x n )| < ε for n ≥ n 0 , so the number of indices k for which |f (x n+1 ) − f (x n )| ≥ ε is less than n 0 . Hence On the other hand, any continuous function on a compact subset E of R is uniformly continuous on E. It is also true for a regular subsequential method G that any λ-statistically ward continuous function on a G-sequentially compact subset E of R is also uniformly continuous on E (see [16] ). Furthermore, for λ-statistically ward continuous functions defined on a λ-statistically ward compact subset of R, we have the following. Proof. Let E be a λ-statistically ward compact subset E of R and let f : E −→ R be a λ-statistically ward continuous function on E. Suppose that f is not uniformly continuous on E so that there exists an ε 0 > 0 such that for any δ > 0, there are x, y ∈ E with |x − y| < δ but |f (x) − f (y)| ≥ ε 0 . For each positive integer n, there exist α n and β n such that |α n − β n | < 1 λn , and |f (α n ) − f (β n )| ≥ ε 0 . Since E is λ-statistically ward compact, there exists a λ-statistically quasi-Cauchy subsequence (α n k ) of the sequence (α n ). It is clear that the corresponding subsequence (β n k ) of the sequence (β n ) is also λ-statistically quasi-Cauchy, since (β n k+1 − β n k ) is λ-statistically convergent to 0 which follows from the following lines: for each ε,
It follows from this inclusion that
On the other hand, it follows from the equality
that the sequence (α n k+1 − β n k ) is λ-statistically convergent to 0. Hence the sequence (a n1 , β n1 , α n2 , β n2 , α n3 , β n3 , ..., α n k , β n k , ...)
is λ-statistically quasi-Cauchy. But the transformed sequence
is not λ-statistically quasi-Cauchy. Thus f does not preserve λ-statistically quasiCauchy sequences. This contradiction completes the proof of the theorem.
Corollary 2. If a real valued function is λ-statistically ward continuous on a bounded subset E of R, then it is uniformly continuous on E.
Proof. The proof follows from the fact that any bounded subset of R is λ-statistically ward compact. We give below that any real λ statistically-ward continuous function defined on an interval is uniformly continuous. First we give the following lemma. Proof. Suppose that f is not uniformly continuous on E. Then there is an ε 0 > 0 such that for any δ > 0 there exist x, y ∈ E with |x − y| < δ but |f (x) − f (y)| ≥ ε 0 .
For every n ∈ N fix ξ n , η n ∈ E with |ξ n − η n | < 1 n and |f (ξ n ) − f (η n )| ≥ ε 0 . By Lemma 1, there exists a λ-statistically quasi-Cauchy sequence (α i ) such that for any integer i ≥ 1 there exists a j with ξ i = α j and η i = α j+1 . This implies that
is not λ-statistically quasi-Cauchy. Thus f does not preserve λ-statistically quasi-Cauchy sequences. This completes the proof of the theorem.
Since the sequence constructed in Lemma 1 is also quasi-Cauchy, we see that the statement (f (x n )) is λ statistically quasi-Cauchy whenever (x n ) is quasi-Cauchy sequence of points in E implies the uniform continuity of f on E. Now combining Theorem 2 with this observation we have the following result. Proof. The proof follows from Theorem 4, so it is omitted.
Conclusion
In this paper, the concept of λ-statistically ward continuity of a real function is investigated. In this investigation we have obtained theorems related to λ-statistically ward continuity, N θ -ward continuity, statistically ward continuity, forward continuity, uniform continuity, λ-statistically ward compactness, N θ -ward compactness, statistically ward compactness, and compactness. For a further study, we suggest to investigate λ-statistically quasi-Cauchy sequences of fuzzy points, and λ-statistically ward continuity for the fuzzy functions (see [18] for the definitions and related concepts in fuzzy setting). However due to the change in settings, the definitions and methods of proofs will not always be analogous to those of the present work. For another further study we suggest to investigate λ-statistically quasiCauchy sequences of double sequences, and λ-statistically ward double continuity to find out whether λ-statistically ward double continuity coincides with λ-statistically ward (single) continuity or not (see [19] , and [20] for the definitions and related concepts in the double case).
